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Abstract. In this paper, we consider the existence of static solutions to the nonlinear
Chern-Simons-Schro¨dinger system
−ihD0Ψ− h2(D1D1 + D2D2)Ψ + V Ψ = |Ψ|p−2Ψ,
∂0A1 − ∂1A0 = − 12 ih[ΨD2Ψ−ΨD2Ψ],
∂0A2 − ∂2A0 = 12 ih[ΨD1Ψ−ΨD1Ψ],
∂1A2 − ∂2A1 = − 12 |Ψ|2,
(0.1)
where p > 2 and non-radial potential V (x) satisfies some certain conditions. We show that
for every positive integer k, there exists h0 > 0 such that for 0 < h < h0, problem (0.1)






2 ). Moreover, Ψh is a positive non-radial
function with k positive peaks, which approach to the local maximum point of V (x) as
h→ 0+.
Key words : Chern-Simons-Schro¨dinger system, variational method, multi-peak so-
lutions.
AMS Subject Classifications: 35J50, 35J10
1. Introduction
In this paper, we investigate the existence of mutil-peak solutions to Chern-Simons-




= −h2∆Ψ(x, t) + V (x)Ψ(x, t)− |Ψ(x, t)|p−2Ψ(x, t) (1.1)
with p > 2 in R2 ×R+ can be introduced as the Euler-Lagrange equation of the Lagrange
density
L = hRe{iΨ¯(x, t)∂Ψ(x, t)
∂t
} − h2|∇Ψ(x, t)|2 + V (x)|Ψ(x, t)|2 − 2
p
|Ψ(x, t)|p, (1.2)
where V (x) is the external potential, h is the Plank constant. A static solution, that is
a solution Ψ(x, t) = u(x) of (1.1) which is independent of t, satisfies the semiclassical
Schro¨dinger equation
− ε2∆u(x) + V (x)u(x) = |u(x)|p−2u(x), x ∈ R2 (1.3)
with ε = h.






















Taking into account the interaction of the electromagnetic field and the matter field,

















where Ψ : R2,1 → C is the complex scalar field, Aµ : R2,1 → R, µ = 0, 1, 2, are the
gauge field, which obey the Lorentz condition
∑2




Dj = ∂xj − ihAj, j = 1, 2, for (x1, x2, t) ∈ R2,1 we denote the the covariant derivatives, and
we set Fµν = ∂µAν − ∂νAµ for µ, ν = 0, 1, 2. Inside the Lagrangian density Lc we denote
i the the imaginary unit, and −1
4
εµαβAµFαβ the Chern-Simons term. The corresponding
Euler-Lagrange system of Lc is given as follows.
−ihD0Ψ− h2(D1D1 +D2D2)Ψ + VΨ = |Ψ|p−2Ψ,
∂0A1 − ∂1A0 = −12ih[ΨD2Ψ−ΨD2Ψ],
∂0A2 − ∂2A0 = 12ih[ΨD1Ψ−ΨD1Ψ],
∂1A2 − ∂2A1 = −12 |Ψ|2.
(1.5)
The systems (1.5) is proposed in [10–13], which describes the dynamics of large number
of particles in an electromagnetic field. This model is important for the study of the
high-temperature superconductor, fractional quantum Hall effect and Aharovnov-Bohm
scattering. System (1.5) is referred to be the Chern-Simons-Schro¨dinger system (CSS), it
is invariant under the following gauge transformation
φ→ φeiχ, Aµ → Aµ − ∂µχ
for arbitrary C∞ function χ : R2,1 → R.
Since system (1.5) is setting in the whole space, a problem of the loss of the compactness
is then raised if the variational method applied. In order to avoid such a problem, in [3] a
particular form of solutions of (1.5)
Ψ(t, x) = u(|x|)eiωt, A0(t, x) = h1(|x|),
A1(t, x) =
x2
|x|2h2(|x|), A2(t, x) =
x1
|x|2h2(|x|),
is considered with the constant V , where ω > 0 and u, h1, h2 are real value functions
depending only on |x|. Then, solutions are found in the radially symmetric space H1r (R2)





















However, it is quite involved in finding critical points of J . Actually, such a problem
was treated differently in accordance to the range of the exponent p. Precisely in [3], for
p > 4 it is considered a minimization problem on the Nehari-Pohozaev manifold; while for
2 < p < 4, minimization problem is constrained in L2 sphere. Essentially, it is a nonlinear
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eigenvalue problem. For the case p = 4, a self-dual solution can be found by Liouville
equations. Later on, for p ∈ (2, 4) Pomponio and Ruiz studied in [16] the nonexistence
and multiplicity results for problem (1.5) with constant potentials V by investigating the
geometry of the Euler-Lagrange functional. More related results on problem (1.5) with
constant potentials can be found in [3, 4, 6, 7, 16, 17] and references therein. Suppose V is
radially symmetric, it is studied in [18] the existence, nonexistence and multiplicity of the
same type of solutions for (1.5). While for the case V being non-radial, nontrivial solutions
are found in [19] under the assumption p > 4.
In this paper, we consider the existence and concentration of solutions for (1.6) under
the assumption that V (x) is non-radial and p > 2. Since V (x) is not radially symmetric,
we encounter the difficulty of the loss of compactness. Instead of working in the radially
symmetric space H1r (R2), one has to use the concentration-compactness principle if min-
imization problem considered. Furthermore, the presence of V brings essential difficulty
to find minimizers of associated functional on the Nehari-Pohozaev manifold, it is also the
reason hinders the study of the case p ∈ (2, 4] although there are existence results emerged
for the case p > 4. Our approach is to use the Lyapunov-Schmidt reduction method. By
this method, we can not only construct mutil-peak solutions to problem (1.5), but also
treat all the case p > 2 in a unified way.
In this paper, we study static solutions of (1.5). Hence, the gauge field (A1, A2) obeys
the Coulomb condition ∂1A1+∂2A2 = 0. Moreover, a static solution (u,A0, A1, A2) satisfies −ε






2, ∂2A0 = −A1u2
∂1A2 − ∂2A1 = −12 |u|2, ∂1A1 + ∂2A2 = 0,
(1.6)
where we set ε = h > 0.
Suppose the external potential V (x) satisfies
(V1) V (x) ∈ C(R2,R), infx∈R2 V (x) > 0, and there exist positive constants L and θ such
that |V (x)− V (y)| ≤ L|x− y|θ for all x, y ∈ R2;
(V2) There exist δ > 0 and x
0 ∈ R2 such that V (x) < V (x0) for x ∈ Bδ(x0) \ {x0} ⊂ R2.
The main result of this paper is as follows.
Theorem 1.1. Suppose that p > 2 and V (x) satisfies (V1) and (V2). Then for any positive







2) such that uε is positive non-radial function with k positive peaks,
which approach to the local maximum point of V (x) as ε→ 0+.
The existence of peak solutions and the concentration phenomenon of solutions has been
extensively studied for the semiclassical Shro¨dinger equation (1.3), see for instance [1, 2, 8,
9, 20] for part of results in this direction. In particular, positive solutions with prescribed
number of peaks to nonlinear Schro¨dinger equations were obtained in [14] by using the
well-known Lyapunov-Schmidt reduction scheme. This argument was later generalized in
[5] to study nonlinear Schro¨dinger equations with vanishing potentials. However, it seems
no multi-peaks solution has been found for problem (1.6) in literatures.
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We will find solutions of problem (1.6) by looking for critical points of the associated
functional






























































Using the unique ground state U of{ −∆u+ V (x0)u = up−1, u > 0, x ∈ R2,
u(0) = max
RN
u(x), u ∈ H1(R2), (1.9)
we build up the approximate critical points for the functional Iε. It is well-known that
U(x) = U(|x|) is non-degenerate and satisfies









Let k be any positive integer. Define
Dε,δk =
{





≥ | ln ε| 12 , i 6= j, i, j = 1, 2 · · · , k
}
.






ϕ ∈ H1(R2) : 〈∂Uε,yi
∂yil





























Then, Theorem 1.1 will be proved by the following result.
Theorem 1.2. If V (x) satisfies (V1) and (V2), then for any positive integer k, there is a
positive constant ε0 depending on k such that for each ε ∈ (0, ε0], the functional Iε has a
positive critical point of the form




where ϕε ∈ E.
To prove Theorem 1.2, we first use Lyapunov-Schmidt reduction scheme to reduce the
problem to a variational problem defined on a closed subset of a finite dimensional Euclidian
space. Then we prove that the functional achieves its maximum in the interior of that
closed subset. Comparing with previous works, see for instance [5, 14], the Chern-Simons
term brings new difficulties in employing the reduction method to deal with singularly
perturbed problem (1.6), and the feature of Chern-Simons term requires to establish some
new delicate estimates on the energy of the approximate solutions.
This paper is organized as follows. After some preparation in section 2, we expand the
functional Iε at U∗ + ϕε and fundamental estimates are established in section 3. Finally,
in section 4, we prove Theorem1.2 by the reduction method.
2. Preliminaries
In this section, we present the variational framework and establish estimates for the
energy functional Iε at U∗.
By equation (1.6), A0, A1 and A2 can be expressed as functions of u. First, integrating
by part we find


















Equation (1.6) implies ∫
R2




























Solving equation (2.4) we obtain
A1 = A1(u) =
1
2







A2 = A2(u) = −1
2









2pi|x|2 , for i = 1, 2 and ∗ denotes the convolution. Similarly, the equation
∆A0 = ∂1(A2|u|2)− ∂2(A1|u|2)
implies that
A0 = A0(u) = K1 ∗ (A1|u|2)−K2 ∗ (A2|u|2). (2.7)







































We know that Iε is well defined in H
1(R2) and Iε ∈ C1(H1(R2)). If u is a critical point of
Iε, we may define A0, A1, A2 through (2.5), (2.6) and (2.7), then (u,A0, A1, A2) is a solution
of problem (1.6). In the following, we focus on finding critical points of the functional Iε.
Precisely, we are looking for critical point u of Iε in the form
u = U∗ + ϕ
with ϕ ∈ E. To this purpose, we expand the functional Iε near approximate solutions.
































where C > 0 and σ is a small fixed constant.

















































































































































































V (x)− V (yi) + V (yi)− V (x0))Uε,yiUε,yjdx.
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V (x0)− V (yi))+ ε2 ∫
R2
(
















V (x0)− V (yi))U(y)U(y − yi − yj
ε
)dy.









































































































































































σ is a small fixed constant.
Inserting (2.12) and (2.13) into (2.11), we are led to the result. 
3. Energy expansion
In this section, we expand the functional




, (y, ϕ) ∈M εk
and present some basic estimates. The functional Jε(y, ϕ) is expanded as follows.






























































































































































































:= L1,ε(ϕ) + L2,ε(ϕ),
































































































































































































































































































































































dx and R2,ε(ϕ) =
Rε(ϕ)−R1,ε(ϕ).
In order to find a critical point (y, ϕ) ∈M εk for Jε(y, ϕ), we need to estimate each term
in expansion (3.1).
Lemma 3.1. There exists a constant C > 0, such that
‖R(i)ε (ϕ)‖ ≤ Cε−min{1,p−2}‖ϕ‖min{3−i,p−i}ε
+ C
(

















(ε2|∇ϕ|2 + |ϕ|2)dx) p2
≤ Cε2−p‖ϕ‖pε. (3.2)
If 2 < p ≤ 3, we find ∣∣∣R1,ε(ϕ)∣∣∣ ≤ C ∫
R2
|ϕ|pdx ≤ Cε2−p‖ϕ‖pε,

























































If p > 3, we estimate ∣∣∣R1,ε(ϕ)∣∣∣ ≤ C ∫
R2
Up−1ε,y |ϕ|3 ≤ Cε−1‖ϕ‖3ε,
∣∣∣〈R′1,ε(ϕ), ψ〉∣∣∣ ≤ Cε−1‖ϕ‖2ε‖ψ‖ε
and ∣∣∣〈R′′1,ε(ϕ)(ψ, ξ)〉∣∣ ≤ Cε−1‖ϕ‖ε‖ψ‖ε‖ξ‖ε.
CHERN-SIMONS-SCHRO¨DINGER SYSTEMS 13
Next, we estimate R2,ε. We commence with some fundamental estimates needed. By

























∑ U 32 (z)




































|x− z| 32 dz
) 2
3‖ϕ‖2L6(R2) + ε−1‖ϕ‖2L2(R2)
≤C(ε 13 ε− 43‖ϕ‖2ε + ε−1‖ϕ‖2L2(R2))
≤Cε−1‖ϕ‖2ε.
(3.4)








































































































U2∗ (x)dx| ≤ Cε−2‖ϕ‖4ε
∫
R2





























































































The rest terms in R2,ε can be estimated in the same way. The assertion follows by putting
all these estimates together. 
Lemma 3.2. There holds
‖`ε‖ ≤ Cε1+θ‖ϕ‖ε + C
k∑
i=1




Proof. By assumption (V1), one has∣∣ ∫
R2
(























































ε|V (yi)− V (x0)|.
(3.6)








































, if 2 < p ≤ 3
≤ Cεe−min{ p−12 ,1} |y
i−yj |
ε ‖ϕ‖ε. (3.7)




























































U2∗ (x)dx ≤ Cε3‖ϕ‖ε. (3.9)
So the result follows from (3.6)-(3.9). 
Since Lε is bounded and bi-linear operator, the following lemma can be obtained directly.
Lemma 3.3. There exists a positive constant, independent of ε, such that
‖Lεv‖ ≤ C‖v‖, v ∈ E.
Next, we show that Lε is invertible in E.
Lemma 3.4. There are positive constants ε0 and µ0, such that for any 0 < ε < ε0 and
v ∈ E,
‖Lεv‖ ≥ µ0‖v‖. (3.10)
Proof. We argue indirectly. Suppose on the contrary that there exist εn → 0, vn ∈ En and
yn = (y1,n, · · · , yk,n) ∈ Dεn,δk such that
〈Lεnvn, ϕ〉 = on(1)‖vn‖εn‖ϕ‖εn , ∀ϕ ∈ En. (3.11)














































Similarly, we get ∣∣〈L2,εnvn, ϕ〉∣∣ ≤ Cε2n‖vn‖εn‖ϕ‖εn ,
which implies
〈L1,εnvn, ϕ〉 = o(1)‖vn‖εn‖ϕ‖εn , for ϕ ∈ En. (3.14)
Fix i ∈ {1, · · · , k} and let



















i,n)v˜n,idx ≤ C. (3.15)
Then it follows from (3.15) that {v˜n,i} is bounded in H1(R2). Thus, there is a subsequence
still denote by v˜n,i, such that for n→∞,
v˜n,i ⇀ vi in H
1(R2), v˜n,i → vi in Lploc(R2), 2 ≤ p < +∞.
Now we claim that vi = 0. For any ψ ∈ H1(RN), we define






















































βεn,m,j. Choosing ϕ =
∂Uεn,yi
∂yil
in (3.17), we can estimate
γεn,l,i = o(εn).
Hence, (3.17) becomes
〈L1,εnvn, ψ〉εn =o(1)‖vn‖εn‖ψ‖εn , ∀ψ ∈ H1(R2). (3.18)
Let ϕ¯n(x) = ϕ(
x−yi,n
ε























= ε−2n o(εn)‖ϕ¯n‖εn = o(1)‖ϕ‖.
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Therefore, vi satisfies the equation
−∆vi + V (yi)vi = (p− 1)Up−2vi,
















〉 = 0, l = 1, 2.
which gives c1 = c2 = 0, and then vi = 0. As a result,
on(1)ε
2
n = 〈Lεnvn, vn〉 = 〈Lεn,1vn, vn〉+ 〈Lεn,2vn, vn〉

















= (1 + o(1) + oR(1))ε
2
n,
which is impossible for large n. Hence, the conclusion follows. 
4. Proof of the main result
In this section, we prove Theorem 1.2 by the reduction method.





















Proof. We will use the contraction theorem to prove it. By the Lemma 3.2, `(ω) is a
bounded linear functional in E. The Riesz representation theorem implies that there is an
¯`
ε ∈ E, such that
`ε(ω) = 〈¯`ε, ω〉.
Therefore, finding a critical point for J(ω) is equivalent to solving
¯`
ε + Lε(ω) +R
′
ε(ω) = 0. (4.1)
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By Lemma 3.4, Lε is invertible. Thus (4.1) is equivalent to




ω ∈ E : ‖ω‖ε ≤ ε1+θ−κ + ε1−κ
k∑
i=1




for any small κ > 0.
Now, we verify that A is a contraction mapping from Sε to itself. For ω ∈ Sε, by Lemmas
3.1 and 3.2, we obtain
‖A(ω)‖ ≤ C(‖¯`ε‖+ ‖R′ε(ω)‖)
≤ C(ε1+θ + ε k∑
i=1




≤ ε1+θ−κ + ε1−κ
k∑
i=1
(V (yi)− V (x0)) + εe(−min{ p2 ,1}−κ) |y
i−yj |
ε .
Then, A maps Sε to Sε.
On the other hand, for any ω1, ω2 ∈ Sε,
‖A(ω1)− A(ω2)‖ = ‖L−1ε R′ε(ω1)− L−1ε R′ε(ω2)‖
≤ C‖R′ε(ω1)−R′ε(ω2)‖




So A is a contraction map from Sε to Sε. Consequently, applying the contraction mapping
theorem and implicit function theorem, the conclusion is completed.

Now, we are ready to prove our main theorem. Let ϕε,y be the map obtained in Propo-
sition 4.1.
Define
F (y) = I(U∗ + ϕε,y), ∀ϕε ∈ Sε.
It is well known that if y is a critical point of F (y), then U∗ + ϕε,y is a solution of our
problem.
Proof of Theorem 1.2. By Lemmas 3.4 and 3.1, Propositions 4.1 and 2.1, we find




= Iε(Uε,y) +O(‖¯`ε‖‖ϕy‖+ ‖ϕy‖2)




























Since F ∈ C1, we can assume that F is achieved by some yε in Dkε,δ. We will prove that
yε is an interior point of D
k
ε,δ.
Let y¯i = x0 +Mε| ln ε|ei, for some constant M > 0, vectors e1, · · · , ek with |ei − ej| = 1
for i 6= j. Thus, for M > 0 large, ε small enough and y¯ ∈ Dε,δk , we have
Aε2 − C1ε2+θ| ln ε|θ
≤ Aε2 −B1ε2+θ| ln ε|θ −B3ε2e−| ln ε|
≤ F (y¯ε) ≤ F (yε)
≤ Aε2 − C2ε2
k∑
i=1







where y¯ε = (y¯
1
ε , · · · , y¯kε ).
Employing (4.3), we deduce that for ε sufficient small,
Aε2 − C1ε2+θ| ln ε|θ ≤ Aε2 − C2ε2
k∑
i=1





















V (yi)− V (x0)
)





≥ θ| ln ε| ≥ | ln ε| 12 .
This implies that yε is an interior point of D
k
ε,δ and hence is a critical point of F (y) for
ε sufficiently small.
Finally, by the standard argument and the strong maximum principle, we obtain that
uε = U∗ + ϕ > 0. 
CHERN-SIMONS-SCHRO¨DINGER SYSTEMS 21
5. Acknowledgements
Long was supported by NSF of China (No. 11871253), NSF of Jiangxi Province (No.
20192ACB20012) and Jiangxi Two Thousand Talents Program. Yang was supported by
NSF of China (No. 11671179 and 11771300).
References
[1] A. Ambrosetti, M. Badiale and S. Cingolani, Semiclassical states of nonlinear Schro¨dinger equations,
Arch. Ratioanl Mech. Anal., 140(1997) 285–300.
[2] A. Ambrosetti, A. Malchiodi and W.-M. Ni, Singularly perturbed elliptic equations with symmetry:
exsitence of solutionsconcentratong on sphere. I, Comm. Math. Phys., 235(2003) 427–466.
[3] J. Byeon, H. Huh and J. Seok, Standing waves of nonlinear Schro¨dinger equations with the gauge
field, J. Funct. Anal., 263 (2012) 1575–1608.
[4] J. Byeon, H. Huh and J. Seok, On standing waves with a vortex point of order N for the non-linear
Chern- Simons-Schr?dinger equations, J. Differ. Equ., 261 (2016) 1285–1316.
[5] D. Cao, S. Peng, Semi-classical bound ststes for Schro¨dinger equations with potentials vanishing or
unbounded at infinity, Comm. Partial Different Equations, 34 (2009) 1566–1591.
[6] P.L. Cunha, P. dAvenia, A. Pomponio, G. Siciliano, A multiplicity result for Chern-Simons-
Schro¨dinger equation with a general nonlinearity, Nonlinear Differ. Equ. Appl., 22 (2015) 1831–1850.
[7] H. Huh, Standing waves of the Schro¨dinger equation coupled with the Chern-Simons gauge field, J.
Math. Phys., 53 (2012) 063702, 8 pp.
[8] M. del Pino and P. Felmer, Local moutain passes for semilinear elliptic problems in unbounded
domains, Calc. Var. Partial Differential Equations, 4(1996) 121–137.
[9] M. del Pino and P. Felmer, Semi-classic states for nonlinear Schro¨dinger equations, J. Funct. Anal.
149(1997) 245–265.
[10] V. Dunne, Self-Dual Chern-Simons Theories. Springer, New York (1995).
[11] R. Jackiw, S.-Y. Pi, Classical and quantal nonrelativistic Chern-Simons theory, Phys. Rev. D, 42
(1990) 3500–3513.
[12] R. Jackiw, S.-Y. Pi, Soliton solutions to the gauged nonlinear Schro¨dinger equation on the plane,
Phys. Rev. Lett.,64(1990) 2969–2972.
[13] R. Jackiw, S.-Y. Pi, Self-dual Chern-Simons solitons, Prog. Theor. Phys. Suppl., 107 (1992) 1–40.
[14] X. Kang, J. Wei, On interacting bumps of semi-classical states of nonlinear Schro¨dinger equations,
Adv. Diff. Eq., 5 (2000) 899–928.
[15] E.S. Noussair, S. Yan, On positive multipeak solutions of a nonlinear elliptic problem, J. Lond. Math.
Soc., 62 (2000) 213–227.
[16] A. Pomponio, D. Ruiz, A variational analysis of a gauged nonlinear Schro¨dinger equation, J. Eur.
Math. Soc., 17 (2015) 1463–1486.
[17] A. Pomponio, D. Ruiz, Boundary concentration of a gauged nonlinear Schro¨dinger equation on large
balls, Calc. Var. Partial Differ. Equ. 53 (2015) 289–316.
[18] Y. Wan, J. Tan, Standing waves for the Chern-Simons-Schro¨dinger systems without (AR) condition,
J. Math. Anal. Appl., 415 (2014) 422–434.
[19] Y. Wan, J. Tan, The existence of nontrivial solutions to Chern-Simons-Schro¨dinger systems, Discrete
Contin. Dyn. Syst., 37 (2017) 2765–2786.
[20] X.-F. Wang and B. Zeng, On concentration of psotive bound states of nonlinear Schro¨dinger equations
with competing potential functions, SIAM J. Math. Anal., 28(1997) 633–655.
